In a recent paper [Gorshkov et al., Phys. Rev. Lett. 98, 123601 (2007)] and in the two preceding papers [Gorshkov et al., Phys. Rev. A 76, 033804 (2007); 76, 033805 (2007)], we used a universal physical picture to optimize and demonstrate equivalence between a wide range of techniques for storage and retrieval of photon wave packets in homogeneously broadened Λ-type atomic media, including the adiabatic reduction of the photon group velocity, pulse-propagation control via offresonant Raman techniques, and photon-echo-based techniques. In the present paper, we generalize this treatment to include inhomogeneous broadening. In particular, we consider the case of Dopplerbroadened atoms and assume that there is a negligible difference between the Doppler shifts of the two optical transitions. In this situation, we show that, at high enough optical depth, all atoms contribute coherently to the storage process as if the medium were homogeneously broadened. We also discuss the effects of inhomogeneous broadening in solid state samples. In this context, we discuss the advantages and limitations of reversing the inhomogeneous broadening during the storage time, as well as suggest a way for achieving high efficiencies with a nonreversible inhomogeneous profile.
In a recent paper [Gorshkov et (2007)], we used a universal physical picture to optimize and demonstrate equivalence between a wide range of techniques for storage and retrieval of photon wave packets in homogeneously broadened Λ-type atomic media, including the adiabatic reduction of the photon group velocity, pulse-propagation control via offresonant Raman techniques, and photon-echo-based techniques. In the present paper, we generalize this treatment to include inhomogeneous broadening. In particular, we consider the case of Dopplerbroadened atoms and assume that there is a negligible difference between the Doppler shifts of the two optical transitions. In this situation, we show that, at high enough optical depth, all atoms contribute coherently to the storage process as if the medium were homogeneously broadened. We also discuss the effects of inhomogeneous broadening in solid state samples. In this context, we discuss the advantages and limitations of reversing the inhomogeneous broadening during the storage time, as well as suggest a way for achieving high efficiencies with a nonreversible inhomogeneous profile. 
I. INTRODUCTION
The faithful storage of a traveling light pulse in an atomic memory and the subsequent retrieval of the state are currently being pursued in a number of laboratories around the world. A central question that emerges from these studies is which approach represents the best possible strategy and how the maximum efficiency can be achieved. In a recent paper [1] , we used a novel universal physical picture to optimize and demonstrate equivalence between a wide range of techniques for storage and retrieval of photon wave packets in Λ-type atomic media in free space, including the adiabatic reduction of the photon group velocity, pulse-propagation control via off-resonant Raman techniques, and photon-echo-based techniques. In two preceding papers Refs. [2, 3] , which we will refer to henceforth as papers I and II, we present the full details of the analysis of Ref. [1] as well as several of its extensions, both for an ensemble enclosed in a cavity and for the free-space model. While the analysis of papers I and II is limited to homogeneously broadened media, many experimental realizations, such as the ones using warm atomic vapors [4] or the ones using impurities in solid state samples [5, 6] , have some degree of inhomogeneous broadening, whose presence will modify the optimal control strategy and the values for the maximum efficiency. The subject of the present paper is the extension of the analysis of papers I and II to include inhomogeneous broadening.
The remainder of the present paper is organized as follows. In Sec. II, we discuss the effects of inhomogeneous broadening assuming that the atoms fully redistribute themselves between frequency classes during the storage time, which would be the case, for example, in Dopplerbroadened atoms with sufficiently long storage times. In particular, we optimize the storage process and show that at high enough optical depth, all atoms contribute coherently as if the medium were homogeneously broadened. Then in Sec. III, we discuss the effects of inhomogeneous broadening assuming there is no redistribution between frequency classes during the storage time, which would be the case in atomic vapors for short storage times or in solid state samples. In particular, we discuss the advantages and limitations of reversing the inhomogeneous broadening during the storage time [7] , as well as suggest a method for achieving high efficiencies with a nonreversible spectrally well-localized inhomogeneous profile. In Sec. IV, we summarize our analysis of the effects of inhomogeneous broadening. Finally, in the Appendix, we present some details omitted in the main text.
II. INHOMOGENEOUS BROADENING WITH REDISTRIBUTION BETWEEN FREQUENCY CLASSES DURING THE STORAGE TIME
In this section, we consider a particular case of inhomogeneously broadened media: the case of a Dopplerbroadened atomic vapor in free space. We first describe our model in Sec. II A. We then use this model in Sec. II B to analyze storage and retrieval of photons in Doppler-broadened media. (Color online) Λ-type medium coupled to a classical field (solid) with Rabi frequency Ω(t) and a quantum field (dashed). Collective enhancement [9] effectively increases the atom-field coupling constant g up to g √ N , where N is the number of atoms in the medium. ∆j is a frequency shift due to inhomogeneous broadening.
A. Model
As in paper II, we consider a free-space medium of length L and cross-section area A containing N = L 0 dzn(z) atoms, where n(z) is the number of atoms per unit length. We assume that within the interaction volume the concentration of atoms is uniform in the transverse direction. The atoms have the Λ-type level configuration shown in Fig. 1 . They are coupled with a collectively enhanced coupling constant g √ N (g assumed to be real for simplicity) to a narrowband quantum field centered at a frequency ω 1 and described by a slowly varying operatorÊ(z, t). The atoms are also coupled to a copropagating narrowband classical control field centered at frequency ω 2 with a Rabi frequency envelope Ω(z, t) = Ω(t − z/c). We assume that quantum electromagnetic field modes with a single transverse profile are excited. As discussed in detail in paper II, we neglect reabsorption of spontaneously emitted photons and treat the problem in a one-dimensional approximation.
In order to model the inhomogeneous broadening, we sort all the atoms into separate velocity classes labeled by j, such that all atoms in a certain velocity class have approximately the same velocity v j . We will assume that during the experiment the atoms do not change their positions significantly compared to the longitudinal variation of the fields. Therefore, the Doppler effect will be the only effect of nonzero atomic velocities that we will consider.
Furthermore, we will assume that the difference in the Doppler shifts of the two optical transitions can be neglected so that atoms in all velocity classes can simultaneously stay in two-photon resonance with the two fields. For copropagating beams, this assumption is exactly satisfied if the two metastable states are degenerate. Moreover, below we shall consider a storage technique which we refer to as fast storage [1, 3] , where the control field consists of a simple π pulse, which will work perfectly provided its Rabi frequency is much greater than the broadened linewidth. In this case, the assumption of equal Doppler shifts of the two optical transitions is thus not needed. However, we shall also consider the so-called adiabatic storage schemes [1, 3] , where the splitting of the two metastable levels by a nonzero frequency difference ω sg , as well as Doppler broadening occurring for noncopropagating fields, will play a role [8] . In order to ensure that the difference in Doppler shifts has a negligible effect in this situation, we consider copropagating beams and assume that the total accumulated phase difference T vω sg /c is much less than unity, where v is the thermal speed of the atoms, c is the speed of light, and T is the duration of the incoming quantum light pulse. This condition is usually satisfied even in room-temperature experiments, such as the experiment using 87 Rb vapor in Ref. [4] , where ω sg = (2π)6.8 GHz and T ∼ 200 µs, which gives T vω sg /c < 0.01.
For simplicity, we also assume that the velocities do not change during the processes of storage and retrieval but fully rethermalize during the storage time [T, T r ]. The atoms thus fully redistribute themselves among different velocity classes during the storage time, and at time T r the spin wave is the same across all velocity classes. In addition to being relevant for Doppler broadening, much of the discussion of this section will also apply to solid state systems with inhomogeneous broadening. The fact that solid state impurities do not have the redistribution between frequency classes during the storage time (which we assume in this section) will, however, introduce modifications. Some of these modification are discussed in Sec. III.
We assume that the control is detuned by ∆ with respect to stationary atoms, ω 2 = ω es − ∆, while the quantum field is in two-photon resonance, i.e., ω 1 = ω eg − ∆ (where ω es and ω eg are atomic transition frequencies). We define the same slowly varying operators as in Eqs. (A7)-(A11) in paper II, except now, at each z and t, we have continuous atomic operators for each velocity class. For example, we definê
where j indicates the velocity class, i runs over the N j z atoms near z in the velocity class j, p j is the fraction of atoms in the velocity class j, j p j = 1, and σ j(i) µν = |µ j(i) ν| indicates the internal state operator between states |µ and |ν for the ith atom in the jth velocity class.
As in papers I and II, we use the dipole and rotatingwave approximations, assume that almost all atoms are in the ground state at all times, and consider equations of motion only to first order inÊ. As described in papers I and II, under reasonable experimental conditions, the incoming noise corresponding to the decay of atomic coherences is vacuum, and efficiency is the only number we need in order to fully characterize the mapping. Following then the same steps as in Sec. II of paper II, we obtain complex number equations
where γ is the polarization decay rate, ∆ j = ω j es − ω es = ω es v j /c is the Doppler shift due to the velocity v j of the jth velocity class, P j is the complex number representing the optical polarization √ Nσ j ge , and S j is the complex number representing the spin wave √ Nσ j gs . We assume in Eq. (4) that the decay rate of the spin wave S j is negligible. As in Eqs. (5)- (7) in paper II, we now go into the comoving frame t ′ = t − z/c, introduce the dimensionless timet = γt ′ and a dimensionless rescaled coordinatẽ z = z 0 dz ′ n(z ′ )/N , absorb a factor of c/(Lγ) into the definition of E, and obtain
where we have identified the optical depth d = g 2 N L/(γc), and whereΩ = Ω/γ,∆ = ∆/γ, and ∆ j = ∆ j /γ. Note that d is defined here as the optical depth that the sample would have had if there were the same number of atoms but no inhomogeneous broadening. This quantity should not be confused with the actually measured optical depth d ′ . With inhomogeneous broadening, the measured value will be lower: d ′ < d. Later, we shall derive explicit relations between these two quantities. It is essential to realize that both quantities d and d
′ play a role in the performance of the memory, as we shall see below.
We assume that all atoms are initially pumped into the ground state, i.e., no P or S excitations are present in the atoms. We also assume that the only input field excitations initially present are in the quantum field mode with a normalized envelope shape E in (t) nonzero on [0,T ] (whereT = T γ). The goal is to store the state of this mode into some spin-wave mode and at a timeT r >T retrieve it onto an output field mode. The initial conditions for storage are S j (z, 0) = 0 and P j (z, 0) = 0 for all j and E(0,t) = E in (t), and the storage efficiency is given by η s = (number of stored excitations) (number of incoming photons)
is the spin wave, to which all S j average after rethermalization. The initial conditions for retrieval are E(0,t) = 0, and, for all j, P j (z,T r ) = 0, and
for forward or backward retrieval, respectively (as in paper II). The total efficiency of storage followed by retrieval is then given by η tot = (number of retrieved photons) (number of incoming photons) =
where E out (t) = E(1,t). If during retrieval we instead start with S j (z,T r ) = √ p j S(z) for some normalized spin wave S(z), then the same equation will give the retrieval efficiency from this mode:
(10) For completeness, we note that, for the cavity model described in paper I, the equations corresponding to Eqs. (5)- (7) above are (without rescaling of variables)
where C is the cooperativity parameter equal to the optical depth of the ensemble multiplied by the cavity finesse. The initial conditions for storage in the cavity model are S j (0) = 0 and P j (0) = 0 for all j and E in (t) = 0, while the initial conditions for retrieval are S j (T r ) = √ p j S(T ) and P j (T r ) = 0 for all j and E in (t) = 0. It is assumed that during the storage time atoms rethermalize and all S j average to the same value S(T ) = j √ p j S j (T ).
In the homogeneously broadened case discussed in papers I and II, we defined the so-called adiabatic and fast regimes for storage and retrieval. Both of these limits can also be achieved in the presence of Doppler broadening. The adiabatic regime corresponds to smooth control and input fields such that the optical polarization P j in Eq. (6) (or Eq. (12) for the case of the cavity model) can be adiabatically eliminated. The fast regime corresponds to storage and retrieval techniques in which the control field consists of a very short and powerful resonant π pulse between states |s and |e . The only difference in the requirements from the homogeneously broadened case is that now the control field Ω in the π pulse must also be much greater than the inhomogeneous width. We refer the reader to paper I for a detailed discussion of the adiabatic and fast photon storage techniques, as well as for a full list of references.
Equations (5)- (7) can be solved numerically by introducing sufficiently many discrete velocity classes. However, when the control is constant (i.e., a step) or when we are in the fast limit, these equations can be solved without discretizing the velocity distribution by using Laplace transformation in time,t → v. In this case, the inverse Laplace transform has to be taken numerically at the end.
Alternatively, in the case of retrieval alone or in the case of storage followed by retrieval, if one is interested only in the efficiency and not in the output mode, one can compute this efficiency both in the free-space model and in the cavity model without computing E out (t) directly from the Laplace transform E out (v) as
Below we shall use both the numerical method with discrete velocity classes and the method of the Laplace transformation in time.
B. Retrieval and storage with Doppler broadening
An important result in the discussion of homogeneously broadened ensembles in papers I and II was the result that the retrieval efficiency is independent of the shape of the control and the detuning, provided that all excitations are pumped out of the system. Moreover, in both the cavity and the free-space cases we were able to deduce in papers I and II explicit formulas for the retrieval efficiency. Although in the inhomogeneously broadened case discussed in the present paper we have not been able to find an explicit formula for the retrieval efficiency, we will present now the proof that even with inhomogeneous broadening the retrieval efficiency is independent of the detuning ∆ and the control shape Ω(t).
We consider first the cavity model given in Eqs. (11)- (13) . Since we are interested in retrieval, we set E in = 0. We also consider a general situation, in which S j (t = 0) are not necessarily equal for different velocity classes j (we also shifted for simplicity the beginning of retrieval from t = T r to t = 0). Then, using Eq. (11), the retrieval efficiency is
and the following identity can be explicitly verified from Eqs. (12) and (13):
If M is the number of velocity classes, Eq. (16) stands for M 2 equations in M 2 variables P i P * k . We can write them in matrix form and, in principle, invert the M 2 × M 2 matrix on the right-hand side and thus solve for P j P * k as a linear combination of
for various a and b. Inserting this into Eq. (15), applying the fundamental theorem of calculus, and assuming the retrieval is complete (i.e., no excitations remain in the atoms), the retrieval efficiency can be expressed as a linear combination of S a (0)S * b (0), and is thus independent of control and detuning.
In Appendix A, we present an analogous derivation, which shows that the free-space retrieval efficiency in the presence of inhomogeneous broadening is also independent of detuning and control. Numerical calculations also show that adiabatic elimination of P j , as in the homogeneously broadened case discussed in papers I and II, does not change the exact value of the efficiency.
Since the retrieval efficiency is thus independent of the exact method used for retrieval, we shall here mainly consider the fast retrieval from S(z). In this case Laplace transformation in time can be used to solve the problem analytically. We will focus for the rest of this section on the free-space model. We assume that the retrieval π pulse arrives att = 0 and that it perfectly transfers
After the π pulse, we Laplace-transform Eqs. (5) and (6) in timet → v and obtain
Solving for P j from the second equation and inserting it into the first equation, we find
where
and where p(∆) is the Doppler profile.
In Doppler-broadened media, the resonant optical depth is reduced by a factor of ∼ γ/∆ I , where ∆ I is the width of the (inhomogeneous) Doppler profile. The naive expectation would therefore be that we could simply treat Doppler-broadened atoms as Doppler-free but with a reduced optical depth. As we will show below, this prescription would be correct if the broadened line shape were a Lorentzian, as considered, e.g., in Ref. [10] . For a Gaussian profile this prescription is, however, not applicable, and qualitatively different behavior is obtained.
To proceed, we first evaluate f (v) for three different inhomogeneous profiles p(∆). For a homogeneously broadened ensemble, the line shape function p(∆) is just a δ function:
If we have a Lorentzian inhomogeneous profile with ∆ I half width at half maximum (HWHM), we get (
For a Gaussian inhomogeneous profile with (rescaled by γ) standard deviation σ (and rescaled HWHM∆ I = σ √ 2 ln 2),
where the last equality assumes Re[v] ≥ 0, and the complementary error function is defined as erfc(
If we insert the Lorentzian result for f (v) from Eq. (24) into Eq. (19) and rescale v, we find that, compared to homogeneous broadening (Eq. (22)), the Lorentzian broadening effectively just replaces γ with γ + ∆ I , which is equivalent to reducing d by a factor of 1/(1 + ∆ I /γ) (which for ∆ I ≫ γ is equal to γ/∆ I ). Therefore, since we have shown that the retrieval efficiency is independent of the retrieval method, the naive rescaling of d to dγ/∆ I can indeed be used to calculate the retrieval efficiency when the broadening is Lorentzian. Similarly, the same can be shown for the cavity model.
For Doppler broadening, p(∆) is, however, Gaussian as in Eq. (25). Using Eqs. (14) and (19), we can write the retrieval efficiency in the form
for some complicated kernel k. Applying the iterative technique used in Sec. III of paper II or by directly diagonalizing k on a grid, we can compute the optimal retrieval modes (i.e., the eigenvectors with the largest eigenvalues) for each d and σ. Before plotting and analyzing the optimal spin waves and the maximum efficiency obtained using Eq. (27), let us discuss what we expect. Assuming ∆ I ≫ γ, the resonant optical depth is reduced to d
in the presence of Gaussian broadening. In contrast to retrieval with a Lorentzian profile, however, retrieval with a Gaussian profile is not equivalent to Doppler-free retrieval with reduced optical depth (as we can see by comparing Eqs. (26) and (22)). Moreover, we will show now that, with true (Gaussian) Doppler broadening, at high enough optical depth all atoms contribute coherently as if the medium were homogeneously broadened, which is the main result of this section. Although this result holds for any control, it is most easily explained in the case of fast retrieval: after the π pulse, the spontaneous emission (or more precisely the polarization decay at a rate γ) and the dephasing due to the inhomogeneous broadening will cause the polarization P (t) = j √ p j P j (t) (with an initial velocity-symmetric polarization to decay as (using the original units)
where we have used p(∆/γ) from Eq. (25). Thus, losses induced by Gaussian broadening are non-Markovian. Since the time required for fast retrieval varies as t ∼ 1/(γd) (see, for example, paper II), Doppler-induced losses become negligible compared to spontaneous emission losses for sufficiently large
′ ≫ ∆ I /γ), and the system will behave as if there were no inhomogeneous broadening. The essential step in this last derivation is that the second moment ∆ 2 with respect to p(∆/γ) is finite, and the result is thus applicable to any inhomogeneous profile falling off faster than a Lorentzian. In contrast, for a Lorentzian profile, the optical polarization decay would be
and we recover the effective rescaling of γ up to γ + ∆ I , which is equivalent to a simple rescaling of d down to d ′ . We now turn to the discussion of the optimal velocitysymmetric spin-wave modes S(z) obtained under Gaussian broadening using Eq. (27). These optimal modes are plotted (for forward retrieval) in Fig. 2 for d ′ = 0.17, 0.67, 3.69, 14.25 and ∆ I = 88γ, which corresponds to the Rb D1 line at room temperature (assuming 2γ is the natural linewidth). Indeed, at sufficiently high optical depth, the optimal mode approaches S(z) = √ 3z (which we have derived in the homogeneously broadened case considered in paper II), since according to the argument above, Doppler broadening plays no role at sufficiently high d.
The above calculation (via Eq. (27)) of the optimal spin wave yields the optimal retrieval efficiency. Using the general time-reversal arguments presented in paper II, which still apply with Doppler broadening, we can, however, also use these optimal modes, to calculate the optimal efficiency for the combined process of storage followed by retrieval. The optimal symmetric modes (S j (z) = S(z) for all j) for retrieval, which we have found above, are all real. Time reversal thus shows that the optimal storage into the symmetric mode, is obtained by time-reversing retrieval, and has the same efficiency as the retrieval. Note, however, that, in general, asymmetric modes may also be excited during storage. In this section, however, we assume that the atoms rethermalize during the storage time. This washes out any amplitude on asymmetric modes and the only relevant efficiency is the efficiency of storage onto the symmetric mode. The total maximum efficiency for storage followed by retrieval will thus be the square of the maximum retrieval efficiency (obtained as the largest eigenvalue of the kernel in Eq. (27)). With circles in Fig. 3 , we show the maximum total efficiency for storage followed by backward retrieval for ∆ I = 88γ. The solid line in Fig. 3 is the Doppler-free maximum efficiency η 
, which approximates the error fall-off of the points obtained from the full numerical optimization of Eq. (27) (circles) reasonably well and comes from the following heuristic model: t = 1/(γd) is inserted into Eq. (28), the exponential is expanded to first order, and a prefactor of 5.8 is introduced to match the Doppler-free error at large d, which is ∼ 5.8/d, as found in paper II.
Above, we found the optimal spin-wave modes for retrieval and the optimal retrieval efficiency by computing the eigenvector with the largest eigenvalue of the kernel in Eq. (27). As in the homogeneously broadened case discussed in paper II, one can, in fact, interpret the iterations used in finding the largest eigenvalue as the iterations of retrieval followed by storage of time-reversed output and control pulses. To show this, we note that the retrieval in Eq. (19) inverse-Laplace-transformed back tõ t and the storage equation, which is obtained using the same steps, can be written as
for some functionm. Since these equations satisfy the general time-reversal form of Eqs. (35) and (36) in paper II, the same results as in the homogeneously broadened case apply. In particular, using Eqs. (30) and (31), one can check that the maximization of retrieval efficiency through the iterative integration of the kernel in Eq. (27) is equivalent to retrieval followed by time reversal and storage. From Eqs. (30) and (31), it also follows that, in order to optimize fast storage followed by fast forward retrieval, one should start with any trial input mode, store it, retrieve forward, time-reverse the whole process, and then iterate till convergence is reached, exactly as in the homogeneously broadened case of paper II. It is worth noting that a connection between time reversal and optimal photon storage in the photon-echo technique was first made for the case of ideal, reversible storage in Refs. [7, 11, 12] . In the present paper and in Refs. [1, 2, 3] , we extend this connection to a wide range of storage techniques in Λ-type media and show that optimal storage is intimately connected with time reversal, even when the dynamics of the system are not completely reversible, and when the ideal unit efficiency cannot be achieved.
We have thus shown that time-reversal iterations can be used to optimize storage followed by retrieval not only in the case of homogeneous broadened media discussed in paper I, paper II, and Ref. [1] , but also in the case of Doppler-broadened media. As explained in paper II, such time-reversal iterations not only constitute a convenient mathematical tool; they can, in fact, be used experimentally to find the optimal input modes. In particular, as explained in paper II, since the envelope E of the quantum light mode obeys the same equations of motion as classical light pulses, one can first use the iterative procedure to optimize the storage of classical light pulses, which can be easily measured and reversed, and then directly apply this knowledge to the storage of quantum states of light. In fact, the first experiment on timereversal-based optimization has already been successfully carried out for classical light [13] and confirmed the validity of the suggested procedure.
III. INHOMOGENEOUS BROADENING WITHOUT REDISTRIBUTION BETWEEN FREQUENCY CLASSES DURING THE STORAGE TIME
In the previous section, we treated the case when inhomogeneously broadened atoms redistribute themselves among different frequency classes during the storage time, which is the case in Doppler-broadened atomic vapors for sufficiently long storage times. This redistribution, however, does not take place in some other possible experimental realizations, e.g., in Doppler-broadened atomic vapors with short storage times or in solid state media. Therefore, in this section, we consider what happens when the redistribution among frequency classes does not take place.
In the case of fast storage and retrieval, provided the π pulse is applied at a sufficiently high power, it does not matter whether the two optical transitions are broadened independently or not, i.e., whether the |s −|g transition is broadened. However, in the case of adiabatic storage and retrieval the assumption that the control and the quantum field are always in two-photon resonance is crucial. Although the only regime of storage and retrieval in inhomogeneously broadened media we will consider in this section is the fast regime, the analysis will also be extendable to the adiabatic limit provided the |s − |g transition is homogeneously broadened. In this case, Eqs. (5)-(7) apply without modification. The proof in Appendix A that the retrieval efficiency is independent of the detuning and the control, therefore, also applies.
Using the solution technique based on the Laplace transformation in time introduced in Sec. II, one can show that when storage is followed by forward retrieval and the inhomogeneous profile is Lorentzian, it actually does not matter whether the atoms redistribute themselves among different frequency classes during the storage time or keep their frequencies unchanged: the same efficiency and output field are obtained. In this case, the results from paper II about homogeneous broadening are directly applicable if one replaces d by d
′ . This is, however, not true for backward retrieval with a Lorentzian inhomogeneous profile or for retrieval in either direction with a Gaussian inhomogeneous profile. To obtain the efficiency in this situation, it is therefore necessary to take into account the fact that the transition frequency of each individual atom is the same during both storage and retrieval. Furthermore, by controlling and reversing the inhomogeneous broadening, one can even achieve rephasing of atomic excitations and, in fact, attain an increase in total efficiency relative to an unbroadened case [7, 14] . An exhaustive study of the problem of storage followed by retrieval in media with no redistribution between frequency classes during the storage time is beyond the scope of this paper. Here we restrict ourselves only to the investigation of fast storage followed by fast backward or forward retrieval in such media. We also include the possibility of reversing the inhomogeneous profile during the storage time as suggested in Refs. [7, 14] . In particular, in Sec. III A, we set up the equations for the problem of fast storage followed by fast retrieval in either direction with and without the reversal of the inhomogeneous profile. In Secs. III B and III C, we then discuss the results that these equations yield for the cases of storage followed by backward retrieval without and with the reversal of the inhomogeneous profile, respectively.
A. Setup and solution
In this section, assuming that the redistribution between frequency classes takes place neither during the processes of storage and retrieval nor during the storage time, we set up and solve the problem of fast storage followed by fast retrieval in the forward or backward direction with or without the reversal of the inhomogeneous broadening. Any storage with no redistribution between frequency classes (not only the fast limit) can be computed numerically with discrete frequency classes for any kind of inhomogeneous profile and any control. To do this, one can just use Eqs. (5)- (7) for both storage and retrieval and, depending on the direction of retrieval and on whether the inhomogeneous profile is reversed during the storage time, make the appropriate modification to the stored spin waves S j (z,T ) before retrieving it. However, as we now show, the case of fast storage and fast retrieval can also be solved almost completely analytically using Laplace transformation in time,t → v [15] . Before the storage π pulse is applied,Ω = 0 in Eq. (6) . Then for the fast storage of a resonant input mode E in (t), Eqs. (5) and (6) can be solved to give
where v is the Laplace variable, and f (v) is defined in Eq. (20) 
and is computed for various inhomogeneous profiles in Eqs. (21)-(26).
To find the initial conditions for the subsequent retrieval, we take the inverse Laplace transform u →t =T of Eq. (32) and multiply P j by −1 to account for the two π pulses (i.e., the storage and retrieval π pulses). If we are interested in backward retrieval, P j (z) should be flipped to P j (1 −z). If we are interested in reversing the inhomogeneous profile, the frequency classes should be reversed. Thus, for example, for backward retrieval with the reversal of inhomogeneous broadening, the initial condition for retrieval is P j (z,T r ) = −P −j (1 −z,T ). Using Eqs. (5) and (6) withΩ = 0, we can then implement fast retrieval. The time Laplace transform of the output field can then be found to be equal to
where L −1 indicates that we should take the inverse Laplace transform v ′ →T , A(v, v ′ ) depends on the direction of retrieval and is given by
for backward and forward retrieval, respectively, and B(v, v ′ ) depends on whether the inhomogeneous profile is reversed or not and is given by
for reversed and not reversed cases, respectively. For homogeneous broadening (Eqs. (21) and (22)) and for a Lorentzian inhomogeneous profile (Eqs. (23) and (24)), the inverse Laplace transforms v ′ →T and v →t can be taken analytically in terms of Bessel functions and convolutions. The case of homogeneous broadening has been studied in paper II, while the analytical answer for the Lorentzian case is too complicated to yield any significant insight. For a Gaussian inhomogeneous profile (Eqs. (25) and (26)), the inverse Laplace transforms have to be taken numerically. In all three cases, the efficiency can be computed via Eq. (14) without taking the v →t inverse Laplace transform.
If we are interested not only in computing the total efficiency of storage followed by retrieval for some given input photon mode, but also in maximizing the efficiency with respect to the input mode shape, we can again take advantage of time reversal. We will show now that in all four cases (i.e., either of the two retrieval directions, with or without the reversal of broadening), the optimal input pulse shape can be found by starting with any trial input, carrying out storage followed by retrieval, then time-reversing the output, and iterating the procedure till convergence is reached. To begin the proof, we note that A(v, v ′ ) and B(v, v ′ ) are symmetric with respect to the exchange of the two arguments. Therefore, Eq. (33) and the convolution theorem for Laplace transforms imply that we can write
for some function m ′ that is symmetric with respect to the exchange of its two arguments. One can also check that m ′ , and hence the optimal input mode, are real. Assuming, therefore, a real E in (t), the total efficiency is
where the kernel k tot (t,t ′ ) (the subscript "tot" stands for the total efficiency, i.e., storage followed by retrieval) is given by
where we assumedT is sufficiently large that the interval [0,T ] includes the whole retrieved pulse. To find the optimal E in (t), one can thus start with a trial input mode E 1 (t) and iterate the action of the kernel according to
Using the symmetry of m ′ , one can immediately see that this iteration is equivalent to carrying out storage followed by retrieval, time-reversing the output, repeating the procedure, and time-reversing the output again. We will use these time-reversal iterations in the following sections to compute the optimal input modes. It is important to note that, as we have explained at the end of Sec. II B, the time-reversal iterations that we have just described not only constitute a convenient mathematical tool; they can, in fact, be used experimentally to find the optimal input modes.
In this section, we set up and solved the problem of fast storage followed by fast backward or forward retrieval with or without the reversal of the inhomogeneous profile. In the next two sections, we would like to analyze these solutions for the case of backward retrieval.
B. Storage followed by backward retrieval
In this section, using the results of Sec. III A, we would like to study the efficiency of fast storage followed by fast backward retrieval in inhomogeneously broadened media without redistribution between velocity classes, and without the reversal of the inhomogeneous broadening during the storage time. This problem is motivated by solid state implementations such as the one described in Refs. [6, 16] , where the line shape is created by pumping back some atoms from a broad spectral hole feature. In this situation, one can consider what happens when one expands the spectral region and pumps more and more atoms into the absorptive feature. In this case, the resonant optical depth d ′ is expected to be independent of the width of the spectral feature that is pumped back into the absorption profile, whereas the unbroadened optical depth d would increase with an increasing number of atoms being pumped back. From the analysis of Sec. II, we expect the behavior to be different depending on whether the line shape falls off as a Lorentzian or faster. In particular, we found in Sec. II that for a well-localized inhomogeneous line (e.g., a Gaussian), the losses due to dephasing are non-Markovian and, therefore, scale as 1/d ′2 , in contrast to the losses due to the exponential polarization decay with the rate γ, which scale as 1/d. As another application of this idea, we show in this section that, for a Gaussian inhomogeneous profile, by increasing d, the error during fast storage followed by fast backward retrieval can be lowered from the 1/d ′ can be quite large (d ′ ≈ 50 should be feasible by using a sufficiently high impurity concentration and a sufficiently long sample length [6, 14] ), so that this could potentially yield a very high efficiency.
We begin the analysis by using the time reversal iterations suggested at the end of Sec. III A to compute the optimal input pulse and the maximum possible efficiency at various values of d and d
′ assuming the inhomogeneous profile is Gaussian (Eq. (25)). To compute the standard deviation σ of the Gaussian profile from the values of d and d
′ , we use the following relationship:
where the second factor in the integrand is the homogeneous line shape of HWHM equal to 1 (recall that our frequencies are rescaled by γ).
In Fig. 4 , we show (solid lines) the optimal input modes for d ′ = 20 and d = 20, 60, and 120. We see that these optimal input modes (for this value of d ′ ) are very similar to the optimal input modes (dashed lines) for the same d but without the inhomogeneous broadening (i.e.,
The optimal modes thus have a duration of approximately 1/(dγ), as discussed in Sec. VII of paper II, and consist of a roughly triangular pulse preceded by a few "wiggles." These wiggles can be traced back to the zeroth-order Bessel function of the first kind (i.e., J 0 ) in Eq. (48) in paper II and can be associated with Rabi oscillations between the electric field E and the optical polarization P . In Fig. 4 , we assume that the storage π pulse is applied att = 0. Although the true optimal input pulses extend tot = −∞, they can, in practice, be truncated after about two or three wiggles without decreasing the efficiency by more than 10 −4 . To verify the prediction that, for sufficiently large d, the error should be limited by 1/d ′2 , we computed the optimal (smallest) error by optimizing with respect to the input mode at different values of d ′ and d. The optimization was done numerically using the time-reversal iterations suggested at the end of the previous section. also plotted separately as a thin solid line in the log-log plot in Fig. 5(b) Fig. 5(b) . We see that it matches the exact value of the d ′ -limited error (thin solid line) very well.
We compare this d ′ -limited error to the smallest possible error for the homogeneously broadened case d = d ′ , which can be seen at the d/d ′ = 1 edge of the box in Fig. 5(a) and which is also plotted separately as a thick solid line in Fig. 5(b) . This thick solid line is the same as the solid curve in Fig. 4 of paper II and in Fig. 3 ′ homogeneous error to a 1/d ′2 inhomogeneousbroadening-limited error. Although we have investigated only backward retrieval, we expect that for the case of optimal storage followed by forward retrieval, the same result will apply, and that the optimal 1/d ′ homogeneous error can also be reduced to a d ′ -limited 1/d ′2 error. We also expect these error scalings to hold not only for the Gaussian inhomogeneous profile but also for any inhomogeneous profile (such as, for example, a square profile) whose tails fall off faster than Lorentzian. ′ , the optimal (smallest) error of fast storage followed by fast backward retrieval (surface). 5.8/d
′ (dash-dotted line) is the limiting behavior, found in paper II, of the homogeneous error To summarize, we have shown that, even without any additional experimental requirements, the storage and retrieval by two fast π pulses may be a very promising route to a quantum memory. Indeed, if the absorptive feature is sufficiently well localized (falling off faster than a Lorentzian), the error may be limited to ∼ 1/d ′2 . In a practical realization, it would, however, be necessary to include other imperfections such as imperfect π pulses, imperfect synchronization between the storage π pulse and the input pulse, and the limitations associated with the creation of an absorption line. Furthermore, the optimal scenario described in this section applies only to a single input pulse shape at any given values of d and d ′ . For other pulse shapes, it may be advantageous to combine the ideas of this section with the reversible broadening of the next section and optimize with respect to both the width (and shape) of the original nonreversible line and the width (and shape) of the extra reversible broadening.
C. Storage followed by backward retrieval with the reversal of the inhomogeneous profile
In the previous section, we assumed that the inhomogeneous broadening had a fixed distribution, e.g., due to different environments for each individual atom. In this section, using the results of Sec. III A, we investigate the possibility of improving the efficiency of fast storage followed by fast backward retrieval by adding and reversing inhomogeneous broadening in an originally homogeneously broadened medium.
The possible advantage of inhomogeneous broadening was first considered in Ref. [11] , where it was noted that Doppler broadening automatically reverses during backward retrieval. This results in a reversal of the dephasing occurring during storage and gives rise to photon echo. In Refs. [7, 14] it was then suggested that similar effects could be realized in solid state systems. Under the name of controlled reversible inhomogeneous broadening (CRIB), the authors of Ref. [7] suggest implementing the equivalent of the fast storage protocol considered in paper II, but in addition they suggest controllably adding inhomogeneous broadening to the transition and then reverse the broadening during retrieval to obtain a rephasing [17] . Several experimental groups are currently working on the realization of CRIB [5, 6, 14] . We will show that, although the introduction of reversible inhomogeneous broadening can improve the efficiency of fast storage of a single pulse, the improvement relative to the fast storage technique without inhomogeneous broadening is limited. We will also show that CRIB can perform slightly better than optimal adiabatic storage in a homogeneously broadened medium (discussed in Secs. VI B and VI C of paper II), but only for short pulses, for which the adiabaticity condition T dγ ≫ 1 is not satisfied.
For concreteness, we consider the storage of a resonant Gaussian-like pulse of variable time duration T defined, as in Eq. (40) in paper II, by E in (t) = A(e −30(t/T −0.5)
and shown in Fig. 3 of paper II. A ≈ 2.09 is a normalization constant. We also restrict ourselves to the situation where the medium is initially homogeneously broadened. Although this is often a good approximation, the holeburning technique in the solid state [16] , for example, will always result in some residual inhomogeneous broadening of the prepared line, something that one may have to take into account in a complete assessment of the performance of CRIB.
To investigate the performance of CRIB, we use the techniques described in Sec. III A. Let us initially assume T γ ≪ 1, so that the decay can be ignored. As a test case, we take the resonant Gaussian-like pulse of Eq. (43) and implement fast storage of it (with a π pulse at t = T ) followed by fast backward retrieval. From the discussion of CRIB [7] , it is expected that adding some broadening and thereby increasing the width of the absorption line, at the expense of a decreased resonant optical depth, may increase the total efficiency. Excessive broadening will, however, make the medium transparent and decrease the efficiency. At each value of T dγ, there is thus an optimal inhomogeneous width. In Fig. 6 , the total efficiency is plotted as a function of T dγ, for the homogeneously broadened case (dash-dotted line) and for an inhomogeneously broadened medium (solid lines) with Gaussian (G) or Lorentzian (L) inhomogeneous profiles optimized with respect to the inhomogeneous width. The horizontal dashed line is 1. These curves are calculated by numerically computing, at each T dγ, the efficiency as a function of the inhomogeneous width and then finding the width that gives the maximum efficiency at the chosen value of T dγ. Note that, even though we neglect the decay (γT ≪ 1), the quantity T dγ = g 2 N T L/c may still attain a non-negligible value for a sufficiently high optical depth d ≫ 1. In other words, the curves in Fig. 6 represent the limit T γ → 0 and d → ∞ with finite T dγ. Below T dγ ∼ 1, adding broadening only lowers the efficiency, so that the optimal curves (solid) join the unbroadened curve (dash-dotted). We see, however, that at intermediate values of T dγ ∼ 10, introducing reversible inhomogeneous broadening can increase the efficiency. The gain in efficiency is, however, limited. In an experimental realization, one should therefore evaluate whether this gain justifies the additional experimental efforts needed to implement the controlled reversible inhomogeneous broadening.
In Fig. 7 , we plot ∆ I T as a fuction of T dγ, where ∆ I is the optimal HWHM of the Gaussian (G) or Lorentzian (L) inhomogeneous profile used to construct 1/2 , respectively, which indicates that the optimal inhomogeneous HWHM ∆ I scales approximately as √ T dγ/T , which is different from the naive guess ∆ I ∼ 1/T . We also see that, at a given T dγ, the optimal Gaussian profile is wider; and, moreover, from Fig. 6 , we see that optimal Gaussian broadening gives greater efficiency than optimal Lorentzian broadening. One could imagine that these two results are the consequence of the Gaussian frequency profile of the input pulse. However, we ran an equivalent simulation with an input pulse that has a Lorentzian spectrum; and also in this case the optimal Gaussian profile is wider than the optimal Lorentzian profile and the optimal Gaussian broadening gives a greater efficiency than the optimal Lorentzian broadening. These results reflect the fact that the storage we are considering is a dynamical process and is therefore not accurately described by its continuouswave absorption profile. We believe that the advantage of Gaussian broadening over Lorentzian comes from the fact that, as shown in Sec. II, due to their non-Markovian nature, the dephasing losses associated with Gaussian (and, hence, fast-falling) inhomogeneous broadening are smaller than the losses associated with Lorentzian broadening.
To investigate the performance of the storage and retrieval protocol at a finite optical depth, we now relax the assumption γT ≪ 1. With the pulse considered here (Eq. (43)), the effect of the spontaneous emission γ on fast storage with CRIB can be estimated based on simple arguments: the pulse is symmetric around T /2 so the excitation spends on average a time T /2 in the sample both during storage and retrieval. In each of these processes, the efficiency is therefore decreased by [exp(−γT /2)] 2 so that the total efficiency is reduced by approximately exp(−2γT ). We have explicitly verified this simple estimate for a few cases and found it to be true both with and without broadening. The optimization of broadening without decay therefore gives the same optimal inhomogeneous width as with decay. Since we have in Sec. VI D of paper II calculated adiabatic efficiencies for the same pulse shape, we can now compare the performance of fast storage with and without CRIB to adiabatic storage. In Fig. 8(a) , with d = 100, we compare the storage of the Gaussian-like pulse of duration T of Eq. (43) (shown in Fig. 3 of paper II) followed by backward retrieval using "optimal" adiabatic storage (dotted) or using fast storage without inhomogeneous broadening (dash dotted) or with reversible optimal-width Lorentzian (L) or Gaussian (G) broadening (solid). The horizontal dashed line is the optimal adiabatic efficiency, while the second dashed line is exp(−2γT ), by which fast efficiencies are rescaled relative to the T γ → 0 limit of Fig. 6 . Figure 8 (b) is the same as Fig. 8 (a) but for d = 1000. First of all, from Fig. 8 , it is clear that, when T γ 1, fast storage efficiency, with or without CRIB, deteriorates because the spontaneous emission decreases the total efficiency by exp(−2γT ). Optimal adiabatic storage, on the other hand, does well in this limit (provided we have a reasonable d). Moreover, in the adiabatic limit T dγ ≫ 1, optimal adiabatic storage with homogeneous broadening is always more efficient than fast storage with or without CRIB. This follows from the fact that in the adiabatic limit (T dγ ≫ 1) the error in fast storage (≈ 1 − exp(−2γT ) ≈ 2γT ) is greater than the error in adiabatic storage (∼ 5.8/d).
Secondly, when T dγ 1, neither of the methods does very well. This follows directly from the general timereversal argument described in detail in paper II. According to these arguments, the optimal storage is obtained as the time reverse of optimal retrieval. One cannot therefore store faster than one can retrieve. The fastest retrieval is obtained by using the fast retrieval method where the excitation is transferred from state |s into state |e with a π pulse. With this procedure, all atoms radiate in phase and, by constructive interference, give a short output pulse of duration T ∼ 1/(dγ), as explained in Sec. VII of paper II. This procedure gives the fastest possible retrieval, and its time reverse is the fastest possible storage (which works optimally only for certain input mode shapes). The storage and retrieval of any mode thus becomes inefficient for T dγ < 1. The particular Gaussian mode function that we consider here does not correspond to the optimal mode and therefore its fast storage-plus-retrieval efficiency (dash-dotted line in Fig. 8) does not reach the optimal efficiency (horizon- tal dashed line in Fig. 8 ).
Third, when T dγ 25, reversible inhomogeneous broadening (CRIB) does help, and, with it, the fast method may do slightly better than the adiabatic method without inhomogeneous broadening. An interesting possibility is whether the controlled addition and reversing of inhomogeneous broadening could improve the adiabatic storage in the regime when the adiabaticity condition T dγ ≫ 1 is not satisfied, but this investigation is beyond the scope of the present paper.
To summarize this investigation of the possible advantages of introducing a reversible inhomogeneous broadening, we conclude that it does provide an improvement of the efficiency, but that this improvement is limited. The fast storage technique where one just applies a resonant π pulse without the additional broadening gives comparable results for the pulse shape that we have considered here. Moreover, even with an optimized inhomogeneous width, fast storage with CRIB performs only slightly better than optimal adiabatic storage in the original homogeneously broadened system and only when the input pulse does not satisfy the adiabaticity condition T dγ ≫ 1; while, for pulses satisfying the adiabaticity condition, adiabatic storage performs better. Intuitively one might expect that a homogeneously broadened absorption line would not be able to efficiently store an input pulse with a bandwidth that is much longer than the width of this line. One could have therefore expected a large efficiency gain from the use of CRIB to shape the atomic line to match the spectral profile of the input photon wave packet. The reason why such line shaping is not necessarily much more effective than using the unmodified line is because storage is a dynamical process; therefore, the relationship between the storage capability of the medium and its continuous wave absorption spectrum is not trivial.
We should add, however, that we have here only considered a specific input shape and the picture may be different if other inputs are considered. We also emphasize that, unlike most results in this paper and in papers I and II, the efficiencies presented in this section do not represent the true optimum for our input pulse, since one could optimize, for example, the time, at which the storage π pulse is applied. Finally, it is worth noting that if one is free to choose the shape and duration of the input pulse, then for any given d and any given inhomongeous profile, as explained in Sec. III A, one can use the time-reversal iterations to find the optimal input pulse and the maximum efficiency. We have checked for a Gaussian inhomogeneous profile that at any given d, as the inhomogeneous width increases from zero, the maximum efficiency drops. Although we have not checked this statement for other inhomogeneous profiles, we believe it to be generally true that, if one has the freedom of optimizing the shape and duration of the input pulse, then the addition and subsequent reversal of inhomogeneous broadening only lowers the maximum efficiency.
We note, however, that our result that the adiabatic storage efficiency is always comaparable to or better than the efficiency of fast storage (with or without CRIB) has been found assuming that in the adiabatic storage the |g − |s transition is not inhomogeneously broadened. Although this holds in Doppler-broadened atomic vapors, the broadening of the |g − |s transition may be hard to suppress in many of the systems considered for photon storage with CRIB (such as the rare-earthion-doped crystal [14] ). Therefore, although adiabatic storage in some of these systems seems possible [18] , fast storage may still be a better option. Moreover, although we showed that, for fast storage of a single input mode, adding inhomogeneous broadening may provide only small gains in efficiency, these gains might be much more significant if several time-separated modes are to be stored together and the shape of the inhomogeneous profile is allowed to be optimized. Further investigations are required to clarify these issues.
IV. SUMMARY
In conclusion, we have extended in this paper the analysis of photon storage in papers I and II to include the effects of inhomogeneous broadening. In particular, we showed that in Doppler-broadened atomic vapors, at high enough optical depth, all atoms contribute coherently as if the medium were homogeneously broadened. We also showed that high-efficiency photon storage (error scaling as ∼ 1/d ′2 , where d ′ is the observed optical depth) can be achieved in solid state systems by creating a stationary spectrally well-localized inhomogeneous profile. Finally, we demonstrated that the addition of reversible inhomogeneous broadening (CRIB) to an originally homogeneously broadened line does provide an improvement of the efficiency of fast storage followed by fast retrieval, but that this improvement is limited: in particular, in the adiabatic limit T dγ ≫ 1 optimal adiabatic storage outperforms fast storage with or without CRIB. These results aim at understanding the fundamtental limits for storage imposed by the optical depth of the medium. For a complete investigation of the photon storage problem in inhomogeneously broadened media, there are several other effects and experimental imperfections that should be included, such as, for example, velocity changing collisions during the processes of storage and retrieval in Doppler-broadened gases and imperfect synchronization between the input pulse and the storage control pulse. A study of the former is in progress.
The presented optimization of the storage and retrieval processes in inhomogeneously broadened media leads to a substantial increase in the memory efficiency. We therefore expect this work to be important in improving the efficiencies in current experiments, where the optical depth is limited and where inhomogeneous broadening plays an important role, such as in Doppler-broadened atoms in warm vapor cells [4] and in inhomogeneously broadened solid state samples [6, 14] .
Note added. Recently, a related paper appeared [19] , which discusses some of the issues considered in this paper.
